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The behaviour of side-grooved deep-notch three-point bend test pieces of 20 mm thick HY130
steel has been studied for large amounts of crack growth in three different widths. Growth occurs
at limit load and the conventional R-curves follow the pattern that wider pieces give lower

R-curves. Analysis of this behaviour is made in terms of the crack-tip opening angle, (CTOA) and
the energy dissipation rate, dwys/ Bda, or D, from which a particular R-curve, Jgis, can be formed.
After an initial transient regime of about 2 mm growth, a steady-state region develops in terms of
both CTOA and D. The steady state CTOA reduces with increase of initial width. The energy rate,
D, is split into areal and volumetric components, ¥ and p, and, with neglect of the elastic

components, p is related to the steady-state CTOA. The cumulative dissipation defined by Jqis is
compared to several conventional R-curves. It is concluded that the interpretation of steady-state
crack growth in deep-notch three-point bend pieces can be expressed in terms of either CTOA or
D, but that transference of data even from one size of a side-grooved piece to another, let alone to

another configuration, cannot yet be made except on a lower bound basis.

Nomenclature

a initial crack length

b size of ligament, (W — a)

B thickness

G energy release rate in lefm

J; J-integral measure of toughness at initia-
tion

Joa JUa ']ms

Jj+1,Jais particular forms of J used for R-curves, as
defined in the text

L the ratio of actual to nominal load due to
plastic constraint on a notched section

q displacement

0 load

¥ the fraction of b that defines the apparent
centre of rotation in a bend-test piece

s shear-lip size (the same in thickness and
axial directions for a 45° lip)

S span

1. Introduction

In recent years, J-R curves have often been used to
characterize the tearing toughness of ductile materials.
The aim is to allow the behaviour of a real component
to be forecast for a given condition of load or displace-
ment and crack size from observations of the
crack-growth behaviour of a standard specimen. Con-
ventional laboratory specimens are often quite small
so that they may well experience large plastic defor-
matijon prior to or during crack growth. However, it is

U work done

w internal energy

w width

1 geometric factor used in evaluating J

Y, T, P specific intensities of energy dissipation
rate (defined in the text)

O flow stress for general plasticity

Subscripts

c current value after some crack growth

dis dissipation, including both plastic and
fracture components

el elastic (linear)

0 original value before crack growth

pl plastic

app apparent

tot the total or combined elastic and plastic
terms

seen in the literature that J-R curves depend not only
on the specimen configuration but also on size and
proportion. Recently, some papers [1, 2] argued a re-
lation between energy dissipation rate per unit crack
extension, dwg;s/Bda, and ductile crack growth under
a large plastic deformation. Because dwy;,/Bda is the
combined dissipation rate for plasticity and fracture, it
is driven by the combined change of external potential
energy, ie. work done, dU, plus recoverable strain
energy for real elastic plastic (rep) material, dwy,.
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A J-R-like term, Jg; can be constructed correspond-
ing to the conventional J-R curve but with dJg,/da
coming from dwg;s/Bda. Its virtue is that, compared to
other forms of J-R curve, dJ4;/Bda has a more dis-
tinct physical basis after initiation. A general recogni-
tion that J—R-curves from side-grooved pieces were
not necessarily independent of geometry was estab-
lished [3], where data followed the broad geometric
trends of plain-sided pieces. A literature survey [2]
suggested that the energy dissipation rate could be
broken down into areal and volumetric components
for plain-sided pieces in a so-called steady-state re-
gime of apparently constant dissipation rate, after
about the first 5% or 10% growth. This idea was
extended [4], where fresh data showed that the steady-
state behaviour might, in general, be linear with
growth rather than constant. The steady-state dissipa-
tion rate and crack-tip opening angle (CTOA) con-
cepts were also seen to follow very similar trends. In
the foregoing work, only crack growth ductile in the
micro-mode was considered in the high-constraint
configuration of deep-notch three-point bending and
the same limitation applies here.

The aim of the present tests was to obtain sufficient
data on side-grooved specimens to allow preliminary
examination in terms of the J, CTOA and D concepts
in order to determine the most profitable method of
analysis before investing in relatively expensive de-
tailed tests.

2. Experimental procedure

The material used was a small sample of HY 130 left
over from previous [5], or other then on-going studies
[6]. HY130 is a high-strength, low work-hardening,
alloy steel. Representative mechanical properties are:
proof stress 930 MPa, tensile strength 1000 MPa,
Young’s modulus 200 GPa, initiation toughness
(from previous work; not a formal Ji. value),
Ji ~015MNm™L.

The specimens used were three-point bend pieces
side-grooved by 10% each side. The specimen sizes
were B = 20.7 mm, B, = 16.5 mm, /W ~ 0.5, W = 15,
20 and 35 mm. The tests were conducted using the
unloading compliance method for J-R curve measure-
ment with the partial unloading steps controlled man-
ually. Specimen preparation and precracking were in
accord with standard guidelines but the testing pro-
cedure gave no particular attention to determining
initiation and the growth was continued up to
amounts large in relation to the original ligament. The
initial ligaments of all pieces satisfied the 25 J/oy
criterion based on the initial value of J, but the final
ligament sizes for the two smaller pieces did not,
because growth was taken to some 60% of the original
ligament in accordance with the purpose of the study.
The initial and, of course, all subsequent ligaments
satisfy b < B so that a plane strain slip pattern is
implied. All relevant data were recorded and stored on
a computer for subsequent analysis. The number of
steps for the widest piece was limited by the capacity
of the unloading compliance testing system available
at the time. For the narrowest case, the small size of

the piece in relation to the whole testing facility was
also a restriction that led to the use of a different
loading rig on which the loading dogs were not free to
move. Such a restriction is not, in general, satisfactory
but was accepted for this exploratory study as the
only way of testing a third size within the material
available.

The raw data for load versus displacement, plotted
for each partial unloading point, are shown (Fig. 1a)
to illustrate the fully plastic reducing load aspect of the
tests and the relative coarseness of the steps. The
normalized load is plotted versus crack growth
(Fig. 1b) in terms of the factor L, which for limit-load
behaviour is defined by

Q. = LGflbcz/S 0]

Crack growth started very close to maximum load,
but just before it, so that all the data relate to a liga-
ment fully yielded before initiation and remaining so
throughout the period of growth. At maximum load
the values of the plastic constraint factor, L, were, 1.32,
1.42 and 1.39 for W = 15, 20 and 35 mm, respectively,
based on the full thickness, B, and using ¢4 = 965 MPa,
with no augmentation for plane strain. Allowing for
both side grooving and the effect of plane strain would
increase the values of L by 7%. A continued rise of
L with growth from the value attained maximum load,
was teported [7] for plain-sided pieces of HY 130
implying continued work hardening during growth . It
is seen here (Fig. 1b) for the W = 20 mm piece where
L rises to values comparable with those reported [7]
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Figure | The general pattern of behaviour. (a) Load, Q, versus
displacement, ¢. (b) Normalized load, L, versus crack growth, Aa.
W = (&) 35 mm, (¢) 20 mm, (W) 15 mm. Data from [1].
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but the scatter in the other two sizes does not allow
any firm conclusion. The reduction in L at large
growths for W = 35 mm and the generally low values
for W = 15 mm will be referred to later, although the
latter may be a consequence of the use of the fixed
loading dogs for that test size.

3. The conventional J-R curve analysis
Firstly, three J-R curves with different definitions are
evaluated and compared in order to set the pattern
that is being investigated here. In all cases, J is evalu-
ated from the area under the load-displacement dia-
gram, A, so that J has the generic form

J = mA/Bb (2a)

where 1 is a geometric factor and before initiation,
A equals the work done, U. Because, for deep-notch
three-point bend pieces with §/W = 4, as here 1, =
Np = 2, there is no need to separate the elastic and
plastic components as is done in most current stan-
dard test methods. The four terms used are J,, Jy,
Ji+1 and J

Jo = Ji+ ZndU/Bbo (2b)
Jv = J;+ ZndU/Bb, (2¢)
Jiv1 = Ji+2(mdU/Bb, — Jda/b,.) (2d)

For J,,, originally defined [8], a convenient compar-
able form is

Jo = Ji+2dJ,
= Ji + {ndU/Bb; — Gda/b.} (2e)

with the lefm term, G, eévaluated from either

G = Nawe/Bb, (3a)
or
G = KZ?/E' (3b)

with K found from the load and tabulated geometric
shape factors in the usual way. When constructing
J-R curves, the term at initiation, J;, has been taken as
constant for all test pieces. The reason is to avoid
distortion of the tearing data by any effects of scatter
at initiation because that was not studied closely in the
present work. The values obtained from the present
tests range from about 0.106-0.163 MNm ~!. For ease
of comparison with the J-R curves of plain-sided test
pieces, where J; is taken as 0.15 MNm™* [2], that
value is used here; in related work, [5, 6], values
betweeen 0.12 and 0.17 MNm ™! have been quoted.
The R-curves for the four formulations, based on the
full thickness B, are shown Fig. 2a and b. Clearly, Jo,
Jy and J, all follow the trend, “a wider-ligament gives
a lower R-curve”. The behaviour of J;, ; differs in that
there is a near common curve up to some 30% of
growth followed by a reduction in value at larger
absolute growths for the wider pieces, giving
a “wider—higher” effect where the data overlap. The
decrease in value at large growths with this formula-
tion has been noted before [11], being generally seen
as a sign that it is an inappropriate term. ’
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Figure 2 Conventional J-R curves showing the “wider-lower” pat-
tern of behaviour. (a) (-E—, —¢—, -B-) (1, &, W) J, and Jy, versus
Aa. (b)(E, &, W) (-&—, M-, -[1)J,, and J;, ; versus Aa. W = ([,
~¢-) 35 mm, (¢, M) 20 mm, (M, -[J-) 15 mm. Data from [5].

The “wider-lower” pattern was first noted for plain-
sided pieces of 50 mm thick HY130 with b < B [9],
but was not seen for 20-23 mm thick plain pieces of
HY 130 where Dabasi [5] showed no effect of width,
Xia [6] showed a small “wider-higher” trend, and
Watson and Jolles’ data [10] implied a significant
“wider—higher” trend. It was reasoned [2] that for
plain-sided material thicker than the maximum pos-
sible crack-tip plastic zone size for that material, .,
the “wider-lower” trend would prevail, particularly
for by/B < 1, whereas for material thinner than r .,
particularly for by/B > 1, the “wider-higher” trend
would prevail. A thickness of about 20 mm was sug-
gested for the change from one trend to the other for
HY130. Such an estimate is subject to quite a wide
uncertainty and may well depend on orientation and
heat-to-heat differences. Given the differences between
the data of Dabasi [5] (no trend at 20 mm) and Wat-
son and Jolles [10] (inferred wider-higher at 23 mm)
no estimate can be precise but the very overlap of
behaviour at 20-23 mm thick suggests that, subject to
material variability, the change in trend may well
occur at about that thickness. Because side grooves
increase the effective thickness of the test piece in
respect of plane strain, it is not surprising that the
present J—-R curves have the “wider-lower” trend at
20 mm thick. It is often claimed that side-grooved
piece of adequate thickness can be used to find a lower
bound R-curve. Clearly they can be used to obtain the
“wider-lower” R-curve behaviour of the thick mater-
1al at a lesser thickness but the thickness, ligament size



and degree of side groove required to give a lower
bound, remains uncertain.

4. Analysis by COA and dissipation rate
Leaving aside a formal definition of crack-growth
resistance, the increment in work done per unit crack-
growth, dU/Bda, is an intuitive measure of the mean-
ing of toughness. This term is the primary influence on
the J-R curve, modified by the particular formula
chosen for J after initiation, as in Equations 2b— or
several other formulations. Thus

dU/Bda = Q,dq/Bda
chlbqu/Sda (4)

so that the dominant term, dU/Bda, consists of values
of limit loads, Q;, familiar in form and meaning with
or without growth and the unknown dg/da relation-
ship. The energy dissipation rate, dwg/Bda, or D, is
defined as

D = dwg/Bda = d(U— wy)/Bda (5)

where U is work done and w,, is the recoverable strain
energy, we = Qq.1/2. Later the term Jg;, is used. It was
defined [1] as

Jais = Ji + TdJy; (6a)
where
dJgs = ndwy/Bb,
= n(dU — dw,)/Bb,
= nDda/b, (6b)

It is noted that the energy is dissipated by the com-
bined effects of plasticity and fracture. Of course most
appears as heat, but a small amount is retained as
residual stresses, perhaps partly recovered during
crack growth, and here neglected.

The introduction of w, into Equation 5 recognizes
that for rep material some of the work done is stored
as recoverable strain or internal energy. The value of
dw/Bda may be either positive or negative. It is
clearly positive under rising load but usually becomes
negative just after maximum load when the reduction
of load with growth more than offsets the increase of
compliance, so that D > dU/Bda for all except the first
points of the data discussed here. Thus for both the
J-R curve and D concepts the dominant influences
affecting the shapes of the curves are the values of limit
load and the rather unknown term dg/da. As an ap-
proximation, for fully plastic behaviour when the elas-
tic contribution is rather small

D ~ dU/Bda

= Qrdg/Bda Y

In the present work, dw,/Bda is about 10%-20%
of the term dU/Bda according to the size of piece
and amount of growth. The elastic component is
not neglected in the presentation of the results, but
Equation 7 allows a simple insight into the nature of
the dissipation rate and gives a direct link to the
definitions of dJ, and dJy in Equations 2b and c.

‘Subject to some uncertainty over the allowance for
work-hardening - with growth [7], the limit_load is
a well-known mechanics or plasticity term, dependent
only on yield stress, a/W ratio and ligament size. The
term dg/da is essentially a material dependent kine-
matic ratio describing how much deformation is re-
quired to advance the crack.

The dissipation rate can now be analysed in two
ways. It can be split into areal and volumetric compo-
nents as proposed [2, 4] or it can be treated as
a known limit load and the unknown dg/da term,
which, in fact, is a macro-scale measure of the crack
opening angle, CTOA [4]. Following firstly the latter
approach and using the well-known hinge rotation
model

dg/da = S(CTOA)/4rb, 8)
where r is the so-called rotational factor, taken here as
0.4 throughout growth. This method of evaluation
implies some macro-scale meaning to CTOA; it may
or may not be identical to a measurement made on the
near micro-scale. The crack opening angle during
growth is evaluated as proposed [4] by plotting the
displacement against In b, to give a linear slope ac-
cording to Equation 8. It was observed [4] for plain-
sided pieces that the difference between using ¢ or gy,
was small, albeit the CTOA based on g,; was slightly
larger than that based on g because in that fully plastic
regime of growth, dgq./da was negative. Although
Equation 8 is based on the rigid plastic perception of
hinge rotation it is not clear whether formulation of
CTOA with the total term ¢ or just the plastic com-
ponent, g, is more relevant, the data allow either to
be used.

The model derived earlier [2] for the size depend-
ence of the steady-state energy dissipation rate, was
based on plane-sided data from Watson and Jolles
[10], with large shear lips implying a more-or-less .
plane stress regime. A two-term analysis was pro-
posed, which in the present notation gives

dwg;s = yBda + ts%da (9a)

where v is a work per unit fracture area, T is an average
work per unit volume of shear-lips, each of 45° and
size 5. In the light of tests giving predominantly flat
fracture, this was extended [4] to the form '

dwg;s = YBda + 1s*da + pBb.da (9b)

where p is an averaged work per unit volume for
plastic hinge rotation for a hinge taken to be of extent
b, in the spanwise direction. Braga and Turner [4] and
Dabasi [5] found the steady state size of shear-lips to
be proportional to b,, with s = 0.2b, for HY 130 [5],
and 0.1b, for a high-strength titanium alloy [4]. For
side-grooved pieces, the shear-lip term, 1, is now omit-
ted, with s taken as zero. It is supposed that the plastic
hinge forms in the total thickness, B, so that for steady
state a simple expression is found

D(side grooved) = vB,/B + pb,
= Y(app) + pbc (9C)
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The terms v, t and p are called the “specific intensities
of the rate of energy dissipation”, SIRED. These two
models, CTOA and D, will now be examined using the
present side-grooved data.

5. Crack opening angle behaviour

The data for dg/da versus Aa are shown in Fig. 3a.
They appear to have a “bath-tub” form, subject to the
smallest piece not experiencing enough growth to
show the final rising limb. The same data are shown
normalized by 4rb./S and plotted versus Aa/b,,
Fig. 3b. A transient regime is seen for some 10%
growth followed by a more-or-less steady-state regime
at near constant value, up to about 60% growth. It is
noted that the bath-tub effect seen for large growth in
Fig. 3a is eliminated through the normalization by
b./S, although the few final points well above 60%
growth are omitted from Fig. 3b. This is because in
other tests (e.g. [5, 6]), data at yet larger growths has
often (though not always) been found to depart from
a near steady state pattern of behaviour, perhaps due
to the prior compression of the material or the inter-
ference of deformation from the loading roller. A small
increase for the last few data points retained in Fig. 3b,
most notably for the W = 35 mm case, may be scatter
or possibly a genuine influence of the deformation
field from the loading roller, just noted. This will be
remarked on in the next section.

4
[o
3k
]
ot
o .
el
. o
1 F u o ° L4 o]
o
. o
" = “
o L PR Y i 1 A PERE Y A L PR | U |
0 2 4 6 8 10 12
(a) Crack growth, Aa {(mm)
0.7
L o
0.6 |-
ik
0.5 F
rc
B !
204t
g [
.E 03 -
Q‘ 3
0.2} .
I . a
AR a
0 I o ’Vg, f ve n*? §
OO e vlgle " i o 1 A ) S SR S T |
00 0.1 0.2 03 04 05 06 0.7
{b) Aal/b,

Figure 3 The rate of change of displacement with crack growth. {(a)
dg/da versus Aa. (b) Interpreted as crack-tip opening angle, CTOA,
though 4rb_.dq/Sda versus Aa/by. W = (L) 35 mm, (@) 20 mm, (H)
15 mm. Data from [2].
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The transient region of a rapid decrease in CTOA
for small growth was seen [4—6] for plain-sided pieces
and by Shih et al. [12] for side-grooved compact
tension (CT) pieces of A533B. Such a region is here
associated with some proportion of the pre-initiation
plastic zone ahead of the crack, itself deformed by the
HRR type of stress and strain fields. The extent of the
plastic zone ahead of the tip, at initiation, estimated
tentatively as (1/6zx)(EJ;/c¢), 1.7 mm here, is marked
in terms of Aa/b, for each width on Fig. 3b. This seems
a quite plausible guide to the end of the transient
regime or start of the steady-state regime and is there-
fore used as a guide as to which data should be
included in the estimates of the steady state CTOA
based on Equation 8.

The curves for g versus In b, restricted to the so-
called steady-state regime as just described, are shown
(Fig. 4a—c) for W = 35, 20 and 15 mm, respectively.
From the linearity of slopes the existence of CTOA
constant with growth is established, after the initial
transient regime of rapid decrease. The steady state
CTOA values estimated from Fig. 4a—c using Equa-
tion 8 are:

CTOA (total) 0.070(4.0°), 0.079 (4.5°);
0.133 (7.6°) or 0.098 (5.7°)
CTOA (plastic) 0.069 (4.0°);
0.078 (4.5°); 0.137 (7.8°)

for W = 35, 20 and 15 mm, respectively. Two values,
0.133 and 0.098, are quoted for the CTOA (total) for
the W = 15 mm case. The first, and its related CTOA
(plastic), is based on only three data points (Fig. 4¢)
available for both cases. For the first of these three
points, growth is probably not large enough to be
truly in the steady-state regime so that the values
found might be high. However, another point exists at
larger displacement for the “total” case and including
that gives the lower value, 0.098. For direct compari-
son with the other sizes or data elsewhere, this last
value may be preferable.

Although the exploratory nature of the test pro-
gramme must reflect on the numerical accuracy
achieved, the CTOA pattern appears to be
“wider—lower” as for the R-curves in Fig. 2 with no
detectable difference between the values based on total
or plastic deformation. The separation of the lines in
Fig 4 is the elastic displacement. If the slopes were
precisely the same it would be invariant with growth.
This is nearly but not exactly so in the present data.

6. The energy dissipation rate behaviour
The curves for the energy dissipated per unit area of
crack growth, D, or dwy;/Bda, are found from
Equation 5 with loads and displacements known, as in
Fig. 1a, and g, known from the successive compliance
measurements. As shown in Fig. 5, there is an initial
rapid decrease at the beginning of the crack growth.
The estimate of pre-initiation plastic zone size,
1.7 mm, is marked on the abscissa and the initial value
of D is some three-fold higher than after that amount
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of growth. This rapid reduction for the fully plastic
bending case has been reported before for plain-sided
titanium alloy [4], and for side-grooved HY 130 [10].
It can also be shown for side-grooved CT pieces of
AS533B [13], where the data for a term called
dU,/Bda, substantially dwg;,/Bda though not quite
identical in its treatment of the elastic component,
gives a very similar trend to Fig. 5. It was shown
explicitly in the conference presentation of Mecklen-
burg et al. [13] as separate curves for various a/W
ratios and replotted by Etemad and Turner [14] as
seemingly one curve against a normalized abscissa,
but in the final published form Mecklenburg et al.
[13] the data have to be deduced from a quite different
presentation of the same results.

As the crack grows by quite small amounts of stable
tearing the dissipation rate at first falls very rapidly,
corresponding to the rapid reduction in the CTOA
(Fig. 3b), though augmented by the square-law reduc-
tion in limit load as the ligament reduces. In terms of
the J-R curve, such a regime of small growth is called
J-controlled growth, for which the extent is usually
taken as 6%, foilowing Shih er al. [12]. It seems
implausible to have an extent limited by some fraction
of the normalized term Aa/b, when conventional ana-
lysis postulates that the J-R curves are a function of
Aa alone. It seems more plausible that this region
exists for an extent characteristic of the material, such
as some proportion of the extent of the pre-initiation
plastic zone ahead of the crack at 8 = 0, already intro-
duced in the CTOA analysis. For larger amounts of
growth it was suggested [2] from plain-sided data [1,
10] that the trend was to a near plateau of constant
dissipation rate. However, Braga and Turner’s data
[4] showed a steady state more nearly linear with
growth, corresponding, after the initial transient, to
a constant CTOA, as seen here from Fig. 4a—c and
listed above. The dissipation rate data of Fig. S are,
therefore, replotted versus Aa/b, with the transient
data for small growth omitted and a point added at
Aa/b, = 1.0 (Fig. 6a—c). It is noted that those points
showing an increase in dg/da at large growth for
W = 35mm on Fig 3b are the same points that in
Fig. 1b showed a reduction in L, but here (Fig. 6a)
show as a ripple on the general trend. Whilst the
opposite trends of these points on Figs 3b and 1b
might be fortuitous, another interpretation is that the
dissipation rate is less affected than either of its separ-
ate load and displacement components.

From Equation 9c, the data of Fig. 6a—c are taken
to give a linear slope interpreted as pb, and an inter-
cept of y(B,/B) + pby. Some discussion is needed of
the value assigned to the point at Aa/b, = 1.0; from
Equation 9c it should be y(B,/B). Because that value
is not known beforehand, it was supposed that the
term y was of a value similar to J; ~# 0.15 MNm ™, so
that y(B,/B) = 0.12 MN m ~* was used. This gives the
results for W =35, 20 and 15mm, respectively:
v(B,/B) = 0.119, 0.107 and 0.111 MNm * implying
v =0.149, 0.134 and 0.139 MNm ™}, with p =577,
85.3 and 84.1 MN m ™~ ? (first case).

The agreement between the value 0.12 imposed at
Aa/b, = 1.0 and those derived from the intercept are
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Figure 6 The steady-state energy dissipation rate, D, versus Aa/b,,
with added point at Aa/b, =1, for (a) W =35mm, (b) for
W = 20 mm, (c) W = 15 mm. Data from [4].

sufficiently close to be acceptable in the light of the
general accuracy of the data. However, if for strict
consistency of data fitting, the results are iterated by
adjusting the value imposed at Aa/b, = 1.0 until
equality with the intercept value of y(B,/B) is found,
then for W =35 20 and 15mm respectively:
v(B,/B) = 0.118, 0.060 and 0.079 MNm ™}, implying
v = 0.147, 0.075 and 0.099 MNm~! with p = 57.8,
94.7, 90.7 MN m ™2 (second case).

These values are lower for ¥ by as much as 40% for
the two smaller widths though near identical for the
widest. The small scatter with width for the 1st case
data is attractive but there seems no a priori reason
why the steady-state value of y should equal J;. The
mean of the second «case, vy(B,/B)=0.086,
y = 0.107 MNm ™!, is rather lower than the supposed
value of J; = 0.15 MN m ™. A final interpretation on
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whether the steady state y = J; is unclear because
there is no knowledge that the steady state v is inde-
pendent of initial size of piece and the value of
0.107 MNm ™1, though lower than 0.15 MNm™! by
some 30%, falls within the scatter band for J; quoted
carlier from related tests.

7. Discussion

7.1. The R-curves

By using dwg/Bda, a J-R type rising curve
Jais (Equation 6a), can be drawn. A comparison is
made with J, (Fig. 7a), where a normalized abscissa is
used to show how closely these data scale with Aa/b,
in terms of either Jg;, or J,. All five J-type terms are
compared for the W = 20 mm case (Fig. 7b). The main
cause of the large difference between Jg;, and J;4 is
the subtraction of the “correction” Jda/b, to the main
term ndU/Bb (Equation 2d), when forming the in-
crement dJ from the area of the loading diagram. That
occurs in any formulation in which dJ is based on the
total differential of normalized energy as implied in
Equation 2a. To the contrary, the energy being used in
Jais 18 not only that dissipated in rep material rather
than some other quantity, but dJy is formed in the
increment, implying a partial differential relationship
between J and dJ. That is also true for the original
definition of J,, [8]. It reflects, of course, the tenets of
incremental plasticity. The treatment of the elastic

Jye and J., (MN m’"}
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Figure 7 Comparison of Jg, with conventional J-R curves. (a)
(-I0-, —&—,-B-) J g and (¢, B, 0J) J,, versus Aa/by for W= (-,
{1)-15 mm, (~¢—, M) 20 mm and (~E-, ¢) 35 mm, data from [7].
(b) Various estimates of J versus Aa for W = 20 mm: Jys, Jy, J s
Jo, Jy+1. Data from [3].



term differs between J g, J,, and Jy but if the elastic
component were neglected, all three would give the
same value for dJ. For dJ, there is, of course, the
further difference of using b, rather than b, in the
denominator.

7.2. The relationship between CTOA and D
The combination of the approximate expression
for D ~ dU/Bda (Equation 7), with the CTOA in
Equation 8 derived from the whole term dg/da, shows
that an explicit relationship exists between the two
concepts, at least at that approximate level

D =~ dU/Bda
= Qdg/Bda
Lo, b(CTOA)/4r (10)

The present data are not considered adequate to sep-
arate out the rate of change of the small elastic compo-
nents in either D or CTOA. Nevertheless, the rapid
reduction in D for small growth is now-seen to be due
mainly to the inherent decrease in CTOA with small
amounts of growth, albeit enhanced by the reduction
in ligament with growth and modified as further work-
hardening affects L, a small effect in the present data.
It has already been noted that the near constant separ-
ation of the lines for ¢ and q,,, Fig. 4, imply g, & con-
stant so that dg.; ~ 0. Using the compliance, ¢,

dg./da = $dQ/da + Qdd/da
~0 (11a)

so that as a close approximation here, where dQ is
obtained from the limit load (Equation 1)

2BG = 0%d/da

= 2¢4Lo,Bb./S (11b)

ie. if L is constant, as is approximately so here, then
G is proportional to b.. If G is identified as the elastic
driving term related to the y component of the dissipa-
tion rate, then that term is not constant with growth,
contrary to the assumption of steady state. In short,
some of the assumptions and approximations made,
though each separately plausible at the engineering
level, are not exactly compatible. The assumptions are
that there is a steady-state regime where dissipation
rate, CTOA, L and r are all constant with growth. If
that were true then it appears that y =0, a circum-
stance only possible, if at all, for a rigid plastic model.

If, despite the approximations, Equation 8 is ac-
cepted and the vy,,,) neglected in Equation 9¢ as an
equivalent approximation then Equations 9c¢c and
8 combine to give

p ~ Lo,(CTOA)/4r (12)

Using the mean values of L for the steady-state regime
of just after maximum load to 60% growth and the
values of steady-state CTOA (plastic) already de-
duced, an estimate of p is given for comparison with
those deduced above from Fig. 6 (Table I). This is
a very satisfactory level of agreement for such prelimi-
‘nary data and approximate analysis. It implies that,

TABLE1

W (mm)

35 20 15
p (MN/m~?) from Eq.9 60.7 79.5 95.0(70.0)*
p from Fig. 6 (first case) 57.7 853 84.1

p from Fig. 6 (second case) 57.8 94.7 90.7

2The value in brackets relates to the bracketed value of CTOA
given earlier in analysis of Fig. 4.

within the approximations made, the CTOA, already
accepted by some as a criterion of fracture and seen by
all. as a local measure of crack-growth behaviour,
equates with the term D, which is undoubtedly a glo-
bal measure of the combined energy dissipation rate
for fracture and plasticity, where the plasticity term
clearly dominates. In short, the steady-state CTOA as
defined here, can be related to the SIRED term p in
any one test piece by

p = (L/4r)o,(CTOA) (13)

where for the present data, 0.72 < L/4r < 1.06.

It was shown elsewhere [1, 14] that if D versus
(Aa/b,)(S/b,) is unique for several widths, then Jy;; is
a unique function of Aa/b,, provided n and S/b, are
constant, as here. For these data it appears that nei-
ther the J,, nor D curves scale exactly, Fig. 7a, after
about 40% growth. That may be because both terms
are not quite independent of width or it may be there
is some experimental error at the larger growths. It
follows that if, to within experimental error, the curves
of J4;s versus Aa/b, of Fig. 7a were judged to be inde-
pendent of width, then both y and p would be inde-
pendent of width, a point already discussed but not
resolved conclusively in the present data. The relation-
ships found here offer strong support for further ex-
ploration of the energy dissipation rate concept, D,
notably by extending it into the small growth regime,
as a term that not only follows conservation of energy
for rep material, but is consistent with both G for lefm
use and CTOA for fully plastic cases. The present
approximation of neglecting the small elastic terms in
both formulations and that the measure of CTOA is
here a global one must be recalled. It was anticipated
that there would be a small difference between the
CTOA (total) and CTOA (plastic) which would con-
ceptually account for the areal term vy in D. Neverthe-
less, the study is strictly a matter of self consistency of
analysis rather than discovery of new aspects of frac-
ture. The uncertainty of trend of L with growth and
the assumption of the rotational term r as a constant
for all cases and amounts of growth, appear to be
masking the small terms which must surely exist in the
CTOA formulation to allow the complete identity of
the two approaches.

8. Conclusions
It must be noted that all conclusions relate to the
deep-notch bend configuration in the fully plastic
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state. There is no evidence that any of the terms
discussed can be transfered to other configurations
except possibly on a lower bound basis from pieces
suitably sized to give plane-strain behaviour.

1. The rising trend of the R-curve follows from the
accumulative definition used for Ji. The reducing
trend of dJ is dominated by the load and the relation
between dg and da. This is true for all of the several
possible definitions of J that can be used after initia-
tion, although the actual value obtained depends on
which definition is chosen. At the thickness of
B = 20 mm the J-R curves for ductile crack growth in
fully plastic side-grooved HY 130 have a “wider-lower”
trend, similar to that for thick pieces of HY130 but
contrary to that seen elsewhere for plain pieces of the
same thickness.

2. The dg/da behaviour is interpreted as a global
measure of CTOA; it shows a rapid decrease for
growth of about 2mm followed by a steady-state
regime where, within experimental error, CTOA is
constant with respect to growth but a function of
initial width.

3. It is argued that the energy dissipation rate,
D = (dU — dw,;/Bda, is a meaningful parameter to
characterize the combined processes of plasticity and
ductile crack growth because it satisfies conservation
of energy in rep material. For side-grooved pieces the
steady state value of D can be split into areal and
volumetric components, ¥ and p. The former is a term
associated with flat fracture and comparable to or
rather less in value than the initiation toughness; the
latter is a work per unit volume dissipated as the
plastic hinge reforms with growth.

4. An approximate analysis that neglects the elastic
components shows that the CTOA, as here defined
from dg/da, relates directly to the global energy dissi-
pation rate, D, so that the steady-state term p can be
expressed in the form p ~ (L/4r)c,CTOA where here
L/4r ~ 1.0.
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